We investigate a simple generalization of the metric exponential f (R) gravity theory that is cosmologically viable and compatible with solar system tests of gravity. We show that, as compared to other viable f (R) theories, its steep dependence on the Ricci scalar R facilitates agreement with structure constraints and it gives rise to an effective dark energy that can be differentiated from a cosmological constant with future surveys.
FIG. 1:
Behaviour of f (R) for n = 1, 2 and 3. The higher the n, the faster the function reaches its high-curvature limit. Accordingly, one recovers GR with an effective cosmological constant.
II. THE γ-GRAVITY MODEL: FIELD EQUATIONS AND EXPANSION HISTORY
In this work we investigate gravity theories described by the following action
where f (R) is an arbitrary function of the Ricci scalar R. General Relativity (GR) with a cosmological constant is obtained in the special case in which f (R) = −2Λ = constant. Here we are interested in f (R) gravity theories described by the following ansatz
where γ(a, x) :=
x 0 e −t t a−1 dt is the lower incomplete gamma function [14] and α, n and R * are free positive parameters. We call this theory generalized exponential gravity or γ-gravity for short. It is straightforward to verify that (2) generalizes several interesting cases. For instance, if n = 1 we obtain exponential gravity [9] [10] f (R) = −αR * (1 − e −R/R * ),
while for n = 2 we get
where Erf(x) is the error function. It follows from (2) , that the first derivative of f (R) with respect to R is given by,
and the second derivative by
For high curvatures (R R * ), it follows from (2) that GR with Λ is recovered, although there is no cosmological constant (f (0) = 0). As we will discuss further down, the fact that in γ-gravity f R is proportional to e −(R/R * ) n is crucial to facilitate agreement of the proposed f (R) with structure formation constraints. Clearly as we increase n, the steepness of f (R) increases (Fig.1) . Therefore, if n > 1 the steepness is larger than in the exponential case which implies that, cosmologically, when we go back in time from the present (increasing R), the ΛCDM regime is achieved faster.
In principle, the ansatz (2) can satisfy all the f (R) stability conditions [15] : (a) f RR > 0 (no tachyons); (b) 1+f R > 0 (the effective gravitational constant (G ef f = G/(1 + f R )) doesn't change sign (no ghosts)); (c) lim R→∞ f /R = 0 and lim R→∞ f R = 0 (GR is recovered at early times); and d) |f R | is small at recent epochs (to satisfy solar and galactic scale constraints). Furthermore, Eq. (2) can also satisfy cosmological viability criteria [16] . We characterize a viable cosmological model as one that starts at a radiation-dominated phase and has a saddle-point matter-dominated phase followed by an accelerated expansion as a final attractor. Formally, such criteria can be stated by using the parameters m := Rf ,RR /(1 + f R ) and r := −R(1 + f R )/(R + f ) . An early matter-dominated epoch of the universe can be achieved ifm(r ≈ −1) ≈ 0 + andm/r(r ≈ −1) > −1. Furthermore, a necessary condition for a late-time accelerated attractor is 0 <m(r ≈ −2) ≤ 1. As a consequence, for fixed n, there is a minimum value (α min ) of the parameter α such that for values α > α min the latter constraint can be satisfied. Figure 2 displays α min as a function of n for a chosen fixed value ofΩ m0 (see definition bellow).
By varying the action (1) with respect to the metric we obtain the modified Einstein equations:
For a homogeneous Universe filled with matter energy densityρ m and radiation energy densityρ r we use the above equation to get the modified Friedman equation:
where := d/dy (y = ln a), H :=ȧ/a is the Hubble parameter (a dot denotes derivative with respect to cosmic time), ρ = (ρ m +ρ r ) and we assume flat space. For the FRW background we have
To solve the above equations, we follow [6] (see also [17] and [10] ) and introduce the following variables:
where
, a eq =ρ r0 /ρ m0 2.9 × 10 −4 , m 2 := 8πG 3ρ 0 and, as usual, a quantity with a subscript "0" denotes its value at present time. Above, Γ(x) is the gamma function. Sinceρ r0 ρ m0 , from now on we assume
With the above definitions we obtain
Again, the definitions (10) and (11) should be used above to eliminate H 2 and the dependence on R in Eq. (14) . Each model is characterized by fixed values of the parameters α, n and R * , which can be written as,
In this work, in our numerical computation, we always assume thatΩ m0 = 0.28. HereΩ m0 represents the present value of the matter density parameter that a ΛCDM model would have, if it had the same matter densityρ m0 as the modified gravity f (R) model. As a consequence, ifH 0 is the Hubble constant in the reference ΛCDM model, we should haveΩ m0H
57. To solve the system given by Eqs. (12) and (13) we use the initial condition that, at high curvature (R/R * 1), x 1 (y i ) = x 2 (y i ) = 0, where y i < 0, is an initial value of y = ln a. For y < y i the solution is matched to the reference ΛCDM model (one with the sameρ m0 ). It is straightforward to verify that, as defined, x 1 and x 2 are always zero during the ΛCDM phase. From x 1 (y) and x 2 (y), several quantities can be obtained. For instance, the effective dark energy equation of state (w de ) is given by,
We also have
Ω r (y) = a eq e −4y
d + x 1 + e −3y + a eq e −4y (18) and Ω m = 1 − Ω de − Ω r . Figure 3 (left panel) shows the evolutions of Ω r , Ω m and Ω de as functions of y for the case n = 2, α = 1 andΩ m0 = 0.28. For the same model, the evolution of the same quantities, as functions of redshift, are displayed in the right panel of the figure, together with the corresponding quantities in the reference ΛCDM model (dashed curves). Note that Ω m0 is slightly smaller thanΩ m0 . This occurs because from z ∼ 1.5 (when deviation from ΛCDM starts to become relevant for the cosmic expansion) on until z ∼ 0, H(z) is always slightly larger thanH and Ω m ∝ H −2 . The ratios H 2 /H 2 and R/R as a function of redshift are displayed in the left panel of Fig. 4 for the same models as before. The right panel of the same figure shows R/m 2 andR/m 2 as a function of z. Figure 5 shows the evolution of the deceleration parameter (q ≡ − aä a 2 ) and the jerk (j ≡ a 2 a ··· a 3 ) as functions of z, in the same case as above. We can compare the values of z t , the transition redshift (q(z t ) = 0) from decelerated to accelerated expansion, and the parameter τ , related to the width of the transition (τ −1 = 3 2 j(z t )) [18] , in the considered f (R) case and the corresponding fiducial ΛCDM model. For the latter we obtain τ = 1/3 and z t = 0.73 while for the former we get τ = 0.30 and z t = 0.77. This happens because when f (R) starts to become effective -that is, when R starts to become comparable to R * -the Universe enters in a phantom phase (w de < −1) that accelerates the transition and reduces its width. Figure 6 displays the effective dark-energy equation of state as a function of the redshift for models with n = 1, 2 and 3 and different values of the parameter α. For high redshift values (when R R * ), w de = −1 and, as expected, all the models behave like ΛCDM at early times. For z → −1 we also have w de → −1 indicating that, asymptotically (t → ∞), the models have a de Sitter final attractor. Note that, for fixed n, as the parameter α increases the models approach the ΛCDM expansion history behaviour, i.e., |1 + w de | max decreases. For instance, if n = 1 and α = 3, we get |1 + w de | max ∼ 10 −2 , while for α = 6, we obtain |1 + w de | max < ∼ 10 −4 . The redshift of phantom crossing also decreases with increasing α for fixed n. Note also that models with larger values of n (higher steepness) start the phantom phase later in the Universe evolution. For instance, if n = 1 this deviation occurs at z < ∼ 2.5, while for n = 2 it occurs at z < ∼ 1.5, and for n = 3 at z < ∼ 1.0. Finally we remark that the maximum value of |1 + w de | max decreases with increasing n. 
III. LOCAL TESTS, STRUCTURE FORMATION AND POWER SPECTRUM
Constraints on f (R) gravity theories from solar-system tests and equivalence principle violation have been discussed by several authors (see, for instance, [19] and references therein). By using a density profile for the solar interior and its vicinity, it was shown [6] that, independently of the particular function f (R), the Cassini-mission [20] constraint on the first PPN parameter (|γ − 1| < 2.3 × 10 −5 ) implies that |f Rg | < 4.9 × 10 −11 . Here, f Rg = f R (R = 8πGρ g ) and ρ g ∼ 10 −24 g/cm 3 is the mean galactic density. Using Eq. (5) and (15) it is straightforward to verify that this constraint can easily be satisfied by the f (R) given by Eq. (2). Constraints from violation of the equivalence principle, slightly tighter [19] , can also be easily satisfied in γ-gravity.
On the other hand, in Ref. [6] there are also arguments indicating that our galaxy halo requires |f R0 | < 10 −6 . As we will show below, if we are interested in γ-gravity models whose expansion history can be discriminated from ΛCDM, this constraint will not be satisfied even for models with n > 1. However, as also remarked in Ref. [6] , although suggestive, this bound is over restrictive and should not be considered as definitive. For instance, it depends on when the galactic halo was formed and on the density profiles of the structures in which the galaxy is embedded. As observed in Ref. [10] , the large steepness of the exponential f (R) gravity (n = 1) ameliorates the situation as compared to other f (R) theories [6] [7] [8] . This occurs because the GR limit of the theory is more easily (i.e, more promptly) recovered when we go from low-to high-curvature regimes. Since, for n > 1, γ-gravity has an even steeper behaviour than exponential gravity, we may expect better results for the former. In the following we show that this is indeed the case. In Figure 7 we show, for n = 1, 2 and 3, f R as a function of α at redshifts z = 0 and z = 1. We also display in the figure the quantity [6] 
that is related to the effective Compton wave number (k C = aHB −1/2 ), above which (k > k C ) linear perturbations growth will be affected if B > ∼ 10 −5 . In each panel the upper pair of curves correspond to z = 0 while the lower ones correspond to z = 1. Observe the strong dependence of f R and B with redshift and how both steepnesses increase with n. Since satisfying the condition log B < −5 is roughly equivalent to satisfying the constraint log |f R | < −6, in the following comments we concentrate only on the latter. For n = 1, the condition log |f R | < −6 is satisfied at z = 0 for α > ∼ 7.2, while α > ∼ 4.4 is required for z = 1. The maximum deviation in the effective dark-energy equation of state from a cosmological constant is |1 + w de | max = 5 × 10 −6 at α = 7.2, and 10 −3 at α = 4.4. So, even if α = 4.4, the difference is so small that it will be very difficult to differentiate the expansion history of exponential gravity (n = 1) from ΛCDM. For n = 2, the condition log |f R | < −6 evaluated at present (z = 0) requires α > ∼ 1.95 (|1 + w de | max = 1.4 × 10 −5 ), while α > 1.2 (|1 + w de | max = 1.7 × 10 −2 ) is required if evaluated at z = 1. For n = 3 the above condition requires α > 1.24 ( |1 + w de | max = 2.6 × 10 −5 ) at z = 0, but is satisfied for any α > α min at z = 1, having a maximum amplitude 3.7 × 10 −2 at α = α min 0.8. Therefore, if the condition log |f R | < −6 is to be satisfied only at z = 1, the deviations from ΛCDM equation-of-state for n = 2 models are one order of magnitude larger than in the case n = 1 and could be reached with next-generation surveys. For larger values of the parameter n the situation could be even better.
We now consider the linear growth of cosmological matter density perturbations in the subhorizon regime. In this regime, for |f R | 1, the differential equation for the matter density contrast (δ) can be approximated by [15, 21, 22] 
In GR, f R = Q = 0 and there is no scale dependence for the density contrast in the linear regime. For wCDM the growing mode can be expressed in terms of Hypergeometric functions 2 F 1 as [23] 
We solved Eq. (20) numerically and obtained the growing mode for the f (R) given by Eq. (2). By using (22) (with w = −1), we then obtained the fractional change in the matter power spectrum P (k) relative to ΛCDM. Figure 8 shows ∆P k /P k at z = 0 for different values of n and α. It is also displayed in the figure (red dashed curves) ∆P k /P k at z = 1 for n = 1 (α = 3 and 4) and for n = 2 (α = 1.1). For higher values of n there is effectively no deviations from ΛCDM at this redshift. Therefore, it is clear from this figure the effect of the steepness in suppressing deviations from ΛCDM in the linear mass power spectrum as we go to higher redshifts. For fixed n the suppression also depends on α, with smaller deviations occurring for larger α. In the lower right panel we display ∆P k /P k at z = 0 for a fixed value of the maximum deviation in the effective dark-energy equation of state (|1 + w de | max 2 × 10 −2 ) for several models. From the figure we see the improvement of exponential gravity (n = 1) when compared to the Hu&Sawicki model [6] and how larger values of n can do even better. For instance, if n = 3 and α = 0.87 the deviation at the smallest linear scale (k = 0.1 h Mpc −1 ) is less than 6%, while for n = 4 and α = 0.75 it is 4%.
IV. CONCLUSIONS
It is very difficult to have modified f (R) gravity models that satisfy all the viability and stability criteria, with an effective equation-of-state parameter distinguishable from Λ and being, at the same time, in accordance with both large scale structure formation and local tests of gravity. In this work, we presented a class of generalized exponential f (R) gravity theory, dubbed γ-gravity, and investigated the background expansion history of cosmological models belonging to this class. We examined the behaviour of the effective equation-of-state parameter as a function of redshift for different values of the parameters α and n, and discussed the constraints from local gravity tests and linear growth of structure. We showed that if the parameter controlling the steepness n > ∼ 2, it is possible to have less than 10% deviations from the ΛCDM mass power spectrum at all linear scales while having, at the same time, an effective equation of state distinguishable from Λ. This is not possible in exponential gravity and other viable f (R) theories present in the literature. We argued that γ-gravity theory enlarge the spectrum of currently viable f (R) cosmological models opening the possibility of models that can be discriminated from ΛCDM, not only at the perturbative but also at the background level with foreseeable future experiments.
It should be remarked however, that further investigations are necessary, in particular cosmological simulations in the non-linear regime should be performed, trying to constrain more the parameter space of the γ-gravity theory, checking if it will remain a viable and interesting modified gravity theory, still giving rise to models with a cosmic expansion history distinguishable from ΛCDM.
